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INVARIANT GIBBS MEASURE EVOLUTION FOR THE RADIAL 
NONLINEAR WAVE EQUATION ON THE 3D BALL 

JEAN BOURGAIN AND AYNUR BULUT 



Abstract. We establish new global well-posedness results along Gibbs mea- 
sure evolution for the nonlinear wave equation posed on the unit ball in K.^ via 
two distinct approaches. The first approach invokes the method established 
in the works [S] U E based on a contraction-mapping principle and applies 
to a certain range of nonlinearities. The second approach allows to cover the 
full range of nonlinearities admissible to treatment by Gibbs measure, working 
CU , instead with a delicate analysis of convergence properties of solutions. The 

■^^ ' method of the second approach is quite general, and we shall give applications 

' , to the nonlinear Schrodinger equation on the unit ball in subsequent works 

^ • HaiiTT]. 



>• . 1. Introduction 

Our aim in the present work is to study the construction of global solutions for 
seniilinear wave equations set on the unit ball in M"^ with random initial data of 
^^ ' supercritical regularity. In the first part of the paper we prove global well-posedness 

^^ ' for the nonlinear wave equation for a certain range of power-type nonlinearities 

via an application of the method developed in the seminal works O |4j [5]. In 
the second part, we treat an expanded range of nonlinearities - covering the full 
range of powers up to the point where measure existence considerations become 
the dominant obstacle - by introducing a new approach to obtain arbitrary long 
Cy_' time well-posedness of solutions. In subsequent companion works, we apply the 

ideas and techniques developed in the second part of the present paper to nonlinear 
Schrodinger equations on the two and three dimensional unit balls to obtain almost 
sure global well-posedness in these settings [TUl E] ■ 

1.1. The initial value problem. We shall consider the Cauchy problem for the 
nonlinear wave equation posed on the unit ball in R'^ with Dirichlet boundary 
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conditions: 



{NLW) 



Mtt - Au+ |u|"-u =0, 

{u,Ut)\t=Q =(mo,wi) 
u\aB = 0, 



(i,x) e I X B, 
xe B 
tel. 



where u:/xi3^-K, OG/CMisa time interval, and (uo,mi) is radial data 
belonging to the support of the Gibbs measure. 

In view of the scaling invariance of the equation, one expects to be able to 
construct local solutions when the initial data {uo,ui) lies in the Sobolev spaces 
H^{B) X H^~^{B) for the suhcritical and critical regimes, s > | — f and s = | — |-- 
Such results are typically the outcome of fixed-point arguments set in appropriate 
function spaces. On the other hand, when the initial data is supercritical with 
respect to the canonical scaling, one no longer expects such arguments to apply; 
indeed, it is well known that in many cases the solution map is not well defined. 

In this work, we adopt the strategy of using invariant measures to obtain al- 
most sure global well-posedness for (NLW) beyond the critical regularity threshold. 
Through this approach, the ill-posedness of the problem is overcome by requiring 
that the local and global well-posedness results hold in a probabilistic sense. 

More precisely, consider the sequence (e„) of radial eigenfunctions of —A on i? 
with vanishing boundary conditions, satisfying 

sin(n7r|a;|) 
en(.x) ^ 

for every integer n > 1. The initial data (mo,ui) will be taken as 



(uo,wi) = ( X! 



n& 



a„(a;) 



nTT 



(x), y Bn{uj)en{x) 



Tie 



where («„) and (/3„) are sequences of independently distributed normalized real- 
valued Gaussian random variables on a probability space J7. As we will see below, 
this class of data corresponds precisely to the support of the Gibbs measure for 
(NLW). 

In what follows, we shall work with the first-order reformulation of the equation 
in (NLW) as 



{idt 



-A)u + (\/^A)-i|ReM|"(Rew) = 0, 



(1.1) 



where solutions u to (NLW) correspond to solutions u of p.ip with initial data 

u\t=Q = Mo + 2(\/^A)-1mi. 

We consider solutions to ()l.ip in the sense of the Duhamel formula, 



u{t)^S{t)u{0)~i / S'(i-r)(^ 

"'0 



A)-' |Reu(T)|°Reu(T) 



dr, 
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where S{t) is the associated hnear propagator given by 

^ n ^ n 

The equation (11.11) is of the form iut ~ {\/—A)^^{dH/du) with conserved Haniil- 
tonian 

H{<j))^ I |V0pda; + ^— / |Re0|"+2dx. 
Jb a + 2 Jb 

Moreover, introducing the projection operator 

Pn f 2J ""'=^" ) = zJ ""^"' 

^neN ^ n<Ar 

the Hamihonian structure of (jl.ip provides the truncated problem 
f (i9t- V^A)u + Pjv[(\/^A)-i|Reu|"(Reu)] =0, 

with the Gibbs measure 



(1.2) 



where /j,)^ is the free measure associated to the Gaussian process 



CO ^ PncJ)^'^^ := J2 



9nii^) 



mr 

n<N 

with (5,1 (w)) being a sequence of normahzed complex- valued Gaussian random vari- 
ables. 

1.2. Discussion of the main results. In accordance with the above remarks, our 
results will concern (jl.ip equipped with initial data of the form 



<^M(.)^vM^e„(.). 



■^-^ nir 

neN 

Standard arguments show that this initial data belongs jip -almost surely to 
the spaces LP{B) for every p < 6 and H^{B) for every s < 1/2. It can be shown 
that these estimates are sharp, and the data 0^"^ therefore belongs almost surely 
to the supercritical regime for a > 2. On the other hand, the range a < 4 forms 
exactly the set of powers a for which the Gibbs measures Hq and the limiting 
measure 

are well-defined and nontrivial, with fxp taken to be the free measure corresponding 
to the process to H^ c/)^"^ . 
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The work contained in the present paper can be divided into two parts. The 
first part discusses a contraction-mapping based approach in the spirit of the works 
[21 m IS] and establishes a global well-posedness result /ip-almost surely for a in a 
certain range, namely a < 1 + \/o. In the second part of the paper we introduce a 
new technique, using a non-contraction mapping based argument, which allows us 
to treat the full range of powers a < 4. 

1.2.1. Contraction-mapping based argument. In Theorem ll.il we give a treat- 
ment of almost sure global well-posedness from the perspective of the contraction- 
mapping based approach as in the foundational works [21 HI [S] . These arguments 
take place in the setting of the Fourier restriction spaces X'^'^ introduced in [1] [2]. 

Theorem 1.1. Fix < a < 1 + \/o. Then, almost surely in </>, for every < s < ^ 
andO < T < oo, there exists u* G Ct([0,T); H^{B)) such that the sequence {u]s[)n>i 
of solutions to U.2\) converges to u* in the space Ct{[0,T); H^{B)). 

Moreover, for all < s < ^^ and t E M. the sequence {u^ {t)) satisfies 

sup ||u^(i) - e**^^(Pw0)||if= < oo. (1.4) 

N 

An analogue of this result was established in the case a < 3 without the use 
of X"''' spaces in [12]. The essential ingredients which contribute to the proof 
of Theorem ll.il are threefold: (1) probabilistic estimates on the initial data and 
the linear evolution, (2) a Strichartz-type inequality adapted to the X'^'^ setting 
which leads to a robust local theory based on the Picard iteration scheme, and 
(3) long-time bounds on the growth of H^{B) norms of solutions to the truncated 
equation ()1.2p . arising as a result of the invariance of the Gibbs measure, which 
enable the apphcation of the framework developed in [31lll|3] to conclude the desired 
convergence result. 

1.2.2. Convergence based argument. Our second result is devoted to the full 
range a < 4. Recall that for a > 4 the Gibbs measure is no longer well-defined. As 
in our discussion of the contraction-mapping based approach, the argument is set 
in the Fourier restriction spaces X'^'''. 

Theorem 1.2. Fix < a < 4. Then, almost surely in (f), for every < s < ^ and 
< T < oo, there exists u* € Ct{[0,T); H^{B)) such that the sequence (wAr)jv>i of 
solutions to U.2\) converges to u* in the space Ct{[0,T); H^{B)). In addition, ^1.4\ l 
remains valid for all < s < ^^ and t G M.. 

Rather than pursuing a contraction-mapping argument as in the proof of Theo- 
rem ll.ll the proof of Theorem ll.2l is based on a detailed analysis of the convergence 
of the sequence of solutions (u^) to the truncated equations (|1.2p . The first step 
in performing this analysis is to enhance the probabilistic estimates described in 
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Section 1.2.1, which hold for the initial data and for the linear evolution, into cor- 
responding estimates for the nonlinear evolution driven by (|1.2p : see Lemma 14711 

With this refined probabilistic estimate in hand, the next step in the argument 
is to establish a bootstrap-type inequality for the X''''' norm of u^^ — u^" for 
A^i > A'o ^ 1 . These bounds are reminiscent of those appearing in the contraction- 
mapping argument, but allow the presence of an additional error term which con- 
verges to zero as Nq — >■ cxd. Moreover, in order to close the bootstrap argument 
it becomes necessary to use short time intervals, with the length of the interval 
deteriorating as A^o ~^ oo. 

The last step in the proof of Theorem 11.21 is then to assemble the control given 
by the boostrap inequality into the desired convergence result globally in time. To 
overcome the difficulty that the time interval deteriorates in the limit, we appeal to 
a covering argument which requires control over the growth of H^ norms. We first 
establish the weaker property that the sequence {u^'' ) is fip-alraost surely converg- 
ing, with Nk sufficiently rapidly increasing, for instance N^ = 2'^. The convergence 
of the full sequence requires better probabilistic estimates and is obtained by a 
refinement of the argument. Finally, since the space X*''' C CtH^, the conclusion 
from Theorem 11.21 follows. 

We want to point out that the proof of Theorem 11.11 gives a somewhat stronger 
result in terms of stability, while Theorem II .21 makes only the claim of convergence 
of the solutions of the truncated equations. 

2. PRELIMINARY REMARKS AND FUNDAMENTAL ESTIMATES 

Let B denote the unit ball in K."^. Recall that for n > 1, the nth radial eigen- 
function of —A on _B with vanishing Dirichlet boundary conditions is given by 

sin(n7r|a;|) 
\x\ 

with associated eigenvalue n^. Moreover, simple calculations demonstrate 

( I p<3, 

l|e„||LS<< (logn)i/3 p^3, (2.1) 

1 - 
[^ n f p > 3. 

We will often make use of (|2.ip in the following form: for every sequence (a„) C C 
and p > 3, one has 

1/2 



($:|a„e„(x)|^) < (EKl'll^-llis) < (El""l'"'"') (2-2) 



1/2 /x-^ 6 \ 1/2 

and in particular, if a„ ~ - then the quantities in (|2.2p are finite whenever p < 6. 

An essential probabilistic tool in our considerations will be the following estimate 

for Gaussian processes: if ((?„) is a sequence of IID complex Gaussians with (a„) S 
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f' and 2 < g < oo, then 



< 



Li(du) 



mi: 



a, 



|2\l/2 



(2.3) 



2.1. X"''' spaces. Fix s e M ^ < 6 < 1 and a time interval / C M with |/| < 1/2. 



We define the space X^''' as the collection of functions f : I x B 
representation 



f{t,x) = 2_,f{''^i''^)^n{x)e{mt), t £ I, X d B 



having the 

(2.4) 



with {f{m,n)) C C, such that the restriction-type norm 

\\f\\x.^=ini(Y,{n-mr'^{n)^^\f{m,n)[- 



1/2 



is finite, where the infimum is taken over all representations of the form (|2.4p : see 
also [HE]. Note that the values f(m,n) are not uniquely determined. 

2.2. A deterministic estimate on the nonlinearity. The following bound of 
inhomogeneous Strichartz type will form a key tool in treating estimates of the 
nonlinearity in order to obtain the contraction and bootstrap estimates in each of 
our approaches. 

Lemma 2.1. Fix s e (0, 1) and p > -rr— • Then for every b > ^ sufficiently close 
to i there exists a constant C > such that 



S{t^T){V^A)-^fiT)d7 



x= 



< C'll/lli£(B;Lf(7))- 



(2.5) 



Proof. Fix 6 > i to be determined later in the argument. Then, writing 

f{t, x) =^ f{m, n)en{x)e{mt), 



we obtain 



/ 5(i-r)(^/^)-^/(r)dr = ^ 



and therefore 

' S{t~T){./^Kr^f{T)dT 



f{m, n) e(rnt) — e(nt) 



e„(x), (2.6) 



< 



E 



|/(m,n)|2 xi/2 



(ri)2(i-'^)(TO-n)2(i-6) 



+ E E 



\f{m,n)\ 



n ^ 'in^n 



(n)2(i-^)(m-n) 



2\ 1/2 
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1/2 



< 



Z^ /„\2(1 



\fim,nW 



(n)2(i-'*)(m-n)2(i-'') 



(2.7) 



where the last hne follows from the Cauchy-Schwarz inequality and the hypothesis 
b> 1/2. 

To estimate (12. 7p we argue by duality, which gives 



(1^ < sup / / 

Jo JB- 



f{t, x)g(t,x)dxdt, 



where the supremum is over functions g of the form 

9{t, a;) = V , u-«/'"'" — rirb(^nix)e{mt) with V \gm,n\^ < 1- (2.8) 

Fix such a function g. Invoking the Cauchy-Schwarz inequality in time, we have 

nt 



f{t,x)git,x)dxdt< / \\f{t,x)\\L2\\g{t,x)\\^dx. 

JBa JBs 



(2.9) 



On the other hand, Holder's inequality gives 



m n 



in}'- "(m — n 



i-f,i 



.(^)l)" 



1/2 



< 



22 („)2(l-s)/JL„)2(l-b)|e"(^)l^ 



1/2 



E /„)2aVJ ^»(^)l' 



1/2 



where we have fixed e > and set 



El5™,nl^ and /3„ := E 



(n)'^(TO-n)2(i-6)' 



Now, using Holder's inequality in space and the bound '^^ /3„ < cx) for b suffi- 
ciently close to 1/2 (as a consequence of J2m n \9m,n\'^ < 1), followed by (|2.ip . we 
obtain 

__ 1/2 

esD < ii/iUsL? 



< II/IIl£l?sup 



E /,,)2(1%-J ^»(^)P 

"en(a;)||L9 



1/2 



ri (n) 



(1-^)- 



E/3« 



< 



I./IUSL? 



(2.10) 



with p + g = 1 and e sufficiently small, provided that 3 < q < ^, which corresponds 
to the condition p > ^r^. 



Combining (|2.7[) with (|2.10p completes the desired estimate. 



D 
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3. Proof of Theorem 11.11 contraction-mapping based approach 



In this section, we prove Theorem ll.il which estabhshes almost sure global well- 
posedness of sokitions to the reformulated nonlinear wave equation (|l.ip for the 
range 1 < a < 1 + \/5 by using a fixed-point argument. 

We first consider the case a — 3, for which the equation (jl.ip becomes 
{idt - V^A)u + {V^^y^l Reu|3(Reu) = 0, 
witli Duhamel formula 



(3.1) 



{t)^S{t)uQ~i S{t-T)(y/^A)-WReu{T)fReu{T))dT. (3.2) 



3.1. Estimate on the nonlinear term in (|3.2p . The main issue in establishing 
the fixed-point iteration for p.l[) is to obtain suitable estimates on the nonlinear 
term. This is accomplished by appealing to Lemma |2. H and estimating the resulting 
norm. 

In particular, suppose that ||u||j)fs,b < 1 and apply ()2.5|) of Lemma 12.11 with 
/ — I Re up Re M. Note first that u may be written as 

u{x, t) = ^(n)"'*(m - n)"''a„,me„(a;)e(mt) (3.3) 

m.n 

for some (a„,m) satisfying Y.ni,n l«",mP < 1- 
Setting 

n 

we rewrite p.3p as 

J2{ir'pJ ^(n)-^/37ia„,„+,e„(x)e(ni)|e(^t) (3.4) 

Note that by the Cauchy-Schwarz inequality and the condition b > 1/2 we have 
It follows from convexity that we may replace u by a function of the form 



ui{t,x) ^ E^") ''a„e„(a;)e(ni) 

n 

with ^^ IflnP < 1; indeed, in view of Lemma |2. II the relevant bound is 



(3.5) 



Li^'L? 



7-4P r S 



< Csup 



^(n) ''/3g ^an,n+een{x)e{nt) 



L7Lf 
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It then remains to estimate 



ijpff,* 



< yl/5 



^(n>-2^+i+2^>„pe„(x)^ 



< 



T'^'iY. 



i-2s+f+2<5| 



1/2 



1/2 



< T^/"^ max - — -^^ 



where we have fixed 5 > Q sufficiently smaU, provided that 

1 3 3 
1 < s . 

4p 8 

Recafiing the condition p > -^^ , we require 

5 
^>6- 



(3.6) 



(3.7) 



3.2. Random data and local well-posedness for (|3.ip . In order to proceed 
with our treatment of the local well-posedness theory for p.ip , we now discuss the 
relevant probabilistic aspects. 

Take 

5'n(w) 



Uo[X 



) = uo,„(x) = > e„(a 

f ^ TtIV 



(3.8) 



according to the support of the Gibbs measure, and fix s < 1 and 6 > 1/2, respec- 
tively close to 1 and 1/2. Our aim is to prove that for T sufficiently small, except 
for an w-set of small measure, the solution u of (13.21) satisfies 



with B a small ball in the space X^'^ (with the qualifications that are usual in this 
context; c.f. 13,). 

Writing 

u{t) = S{t)(f, + v{t) ^: vo{t) + v{t) 
with ||w||j(-s,b < 1, we first verify that the second term in p.2p is indeed bounded in 

Note that the function v satisfies the integral equation 

v{t) = f S{t- t){V^A)-^\ Re(vo(r) -I- v(t))|3 Re(vo(r) + v{T))dT. (3.9) 

Jo 
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Applying Lemma \2A\ with / = | Re -up Reu, it suffices to bomid 



and hence 



II/IIl£L? < l|w||^4p^8 



IIwIIl^^l? < hoht^L^ + WvWLtP^ 



(3.10) 



where the second term of p.lOp was already estimated in Section 3.1, assuming 



s > 



To estimate the first term in (I3.10p . we give a probablistic lemma for the linear 
evolution: 

Lemma 3.1. Fix < T < +oo and let2<p<6be given together with 2 < q < cxj. 
Then there exists c > such that for every A > and N £ N, one has 



/iif'Q0^:||5(i)0ArLPi, >a|^ 



< 



cxp(-cA^). 



Proof. Fix r > max{p, q}. The Tchebyshev and Minkowski inequalities then give 






< 



A'- 



E— e„{x)e{nt) 
n 



d^ji'^P{<jy) 



< 



< 



E 



KixW 



2\ 1/2 



L?.L^ 



LI 



A 



where we have again used (12. 2p and (|2.3p together with the hypothesis p <Q. The 
desired conclusion now follows by optimizing in the choice of r. D 



We will also need 

Lemma 3.2. Fix s e [0, 1/2), < T < +oo, and let 2 < p < j^ be given. Then 
there exists c > such that for every A > and N (z N, one has 



M^^^ 



(Un : ||(y^A)^0jv||LS > aI") < exp(-cA2). 



Proof. Without loss of generality assume p > 3. Let A > and fix pi ~ Pi (A) > p. 
The Tchebyshev and Minkowski inequalities give 

A.y')({0^:||(V^)^0ArLp>A}) 

1 



< -— E («) 

- API t^F 



\\w-Ar<t>Mr^ 
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< 



API 



\{V^Ay<j>N{x)rd^l^^\M 



i/pi 



pi 



< 



< 



E l en (a 
„2(1 



e n{x)\- 



2\ 1/2 



Pi 



where we have used (|2.2p and (|2.3p along with the hypothesis p < yq^ ■ Optimizing 



in the choice of pi gives the desired bound. 



D 



Elaborating the above observations shows that, if we fix any | < s < 1, the 



initial value problem 

(I3J]) with m(O) = 0<^, te[0,T] 
has a unique solution u = u{x,t) satisfying 

provided uj is restricted to the complement of a set il(T), where 

|r!(T)| <e-(i/^)' as T^O 
for some c > 0. More precisely, 



(3.11) 
(3.12) 
(3.13) 



Proposition 3.3. Given A'^ 1, there is T — A^'^ such that on the time interval 
[toi^o + 2^]; ^0 < 0(1), the solution u to J3.11|] exists for all (f> outside a singular 
set of jj^F -measure at most 0(exp(— cA'^)) for some constant c > 0, and satisfies, 
forO<s<l,te [tQ,tQ+T), 

\\u{t)-S{t)<j,\\x^:^<A^ 

for every b > 1/2 sufficiently close to 1/2. Hence, 

\\u{t)-S{t)cj)\\Hi<A^ for te[to,to + T]. 



Moreover, for < s' < ^, 

Mt)\\Hi'<A\ 

Proof For each v e X'-''{[0,T)), define 

$(«) = / Sit-T){V^A)-^\Re{voiT)+v{T))\^Re{voiT)+v{T))d7 



(3.14) 
(3.15) 
(3.16) 



Fix < s < 1 and b > 1/2 (with b close to 1/2) to be determined later in the 
argument, along with R > 0. Now, fix a parameter p e (337, |), and let Bji be the 
ball of radius R in X'^'^([0,T)). Invoking Lemma [^?T1 we then obtain the estimate 
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<A^ + \\v\\l,,^,. (3.17) 

provided that belongs to the set 

nA = {(i>:\\S{t)4>\\^.,^, <A}. 

At this point, we pause to note that the condition p < § imphes that we may 
apply Lemma |3. II to obtain 

pLF{n \ ^a) = 0(exp(-cA^)) 

for some constants c, C > 0. This condition on p is compatible with the condition 
p > 3^ for s < 1. 

From the considerations in Section 3.1, we have 

M^.^^s <T'R. (3.18) 

Combining p.l7p and (|3.18p . we have shown 
Choosing R = 2CA^ and T < R^^ , we obtain 

ll*(«)llx-''([0,T)) < R 

SO that $ maps the ball Bn to itself. Repeating the above estimates combined with 
the inequality 

\\Refff-\Reg\'g\<i\Ref\^ + \Reg\^)\f-g\, 

we obtain that $ is a contraction for T > sufficiently small depending on A; this 
gives the desired local existence result. 

The claim p.l4p then follows directly from v £ Bji, while (J3T6]) is a consequence 
of the embedding X'^'' C L^H^ for b > 1/2 and Lemma |321 D 

Using Proposition 13. 31 the same scheme as used in [3], and which exploits essen- 
tially the invariance of the Gibbs measure under the flow, permits then to obtain 
solutions global in time, with u — S{t)ip^ S Ds^iX''''', almost surely in u. 

The key ingredient in this stage of the argument is to obtain suitable bounds on 
the growth of the norms H^, s < 1/2. 

Proposition 3.4. Fix < s < ^ and S > 0. Then there exists a set S = E((5) C il 
such that fip {{PN(f> ■ oj G S}) > 1 — S, and for cu E H the solution u = ujv of m.2\) 
(with a = 3) satisfies 

\\u{t)\\Li-{[O.T]-H^iB)) <C'Mog- 

for every < T < +oo. Here C is some constant. 
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Proof. The argument follows a familiar approach, and is based on the invariance of 
the Gibbs measure; see [3j Lemma 3.25]. Fix T ^ 1, S <$^ 1 and set A — C (log -j) 
for an appropriate constant C. Let 'Sa be the good data set given by Proposition 

EH 

Let V be the operator Vn{t), where V/v(i) denotes the (nonlinear) evolution 
operator corresponding to the truncated equation (II. 2p . and r = A~'~' the time 
interval given by Proposition 13. 31 Define 

E' := Ea n v'^T.A n v-'^^A n • • • n f^l^j^^. 

Invoking the invariance of /ig with respect to the flow Vat (i) we therefore have 

M[f'((S')^) < - -A^g^HlSA)^) < -exp(-cA^) < S (3.19) 

T T 

by our choice of A. 

It is clear from the construction that p.isp . p.l6p hold on the entire time 
interval [0, T] for (/> E S'. The proof of Proposition 13.41 is then easily completed by 
intersecting the sets E' — E^ g over suitable sequences T — >■ cx), 5 —>■ 0. D 

The proof of Theorem 11.11 in the case a = 3 is completed by standard approxi- 
mation arguments, see for instance |3i- The long-time bounds on the truncated evo- 
lution (|1.2p given by Proposition 13.41 allow us to iteratively invoke the local-theory 
of Proposition [3731 for the original evolution p.ip to extend the local well-posedness 
given by to arbitrarily long time intervals. This completes the proof of Theorem 
ll.ll in this case. 

3.3. Extension to the range a < 1 -I- VS for the equation p.ip . We examine 
the limitation on powers a for which the conclusion from Section 3.2 remains valid. 
Let 

ue S{t)uo + B, u^vo + v (3.20) 

with B a small ball in X'''^, s < 1 to be specified. Applying again Lemma [2.11 we 
need to estimate 

llwolligPi^^ + ||w|ligPi2/j (3.21) 

where /S — I + a and p > -^^ . 

The same calculation as in the previous section shows that 

/ ||e„||2. xl/2 / / 1 \]fe\l/2 

ii.'oii«...fs(i:^ i{i:{^) ) p^^^) 

which leads to the condition 

s < ^ = ^— . (3.23) 
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From the discussion of Section 3.2, w may be replaced by a function ui of the 
form (13.51) and 



\\Ul\\^fip^2l3 < \\ui\\ 



llprr^'-^-T;! 



Lg^H 



< 



^(n>-2^+i-i|a„pe„(x)2 



1/2 



< max ■ 






Again from (I2.ip this leads to the condition 



3 1 1 



or, equivalently 



s > 



3/3-7 3a - 4 



2(/3-l) 



2a 



(3.24) 



(3.25) 



In view of p.23p . p.25p . we see that the conclusion from Section 3.2 holds for 
the equation (II. ip with s < ^^, provided 

a^ - 2q; - 4 < 0, that is, a < 1 + V5. 



This completes the proof of Theorem 11.1 



4. Proof of Theorem II. 2t convergence based approach 

In this section we prove Theorem 11.21 which establishes global well-posedness 
for the nonlinear wave equation reformulated as (jl.ip . /iF-almost surely in the 
statistical ensemble. In particular, for arbitrary a < 4, which is the range for 
which the problem admits a well-defined Gibbs measure, one may still produce for 
almost all data a solution of (|l.ip which is obtained as a limit of the solutions of 
the truncated equations and satisfying 



lit) - S{t)u{0) e f] X''^+. 



(4.1) 



The argument is based on estimates on the solutions of the truncated equations 
rather than constructing a solution of (jl.ip by Picard iteration. 

Firstly, note that the ODE (|1.2p has a unique solution, which is global in time 
(see [m Prop. 2.2] (note that we already use here the fact that the equation is de- 
focusing, since we rely on the a priori bound given by the Hamiltonian) . Moreover, 
recall that the fiow map 

(f>N = PN<f>^ UNit) 



leaves the Gibbs measure Hq invariant 
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The next probabilistic estimate is crucial in our argument. 
Lemma 4.1. Fix a time interval [0,T] and let 1 < p < Q and I < q < oo. Then 

IE^.[h0l!L£L|] <C(p,g,r) (4.2) 

denoting u^ — u^, UAr(O) = ^tv- In fo-ct, there is the stronger distributional in- 
equality 



,'P 



Q^^ : \\uN\\LUB;Lm^,T)) > a|) < e-=(^^"'')\ (4.3) 



for some c > 



Proof. Without loss of generality, suppose Z < p < q. We first observe that it 
suffices to prove (14. 3p with ^p replaced by the projected Gibbs measure ^Xq . 
Indeed, from (|1.3p . setting 



E\M '■- {(f^N '■ \\un\\lUB:M([O.T)) > A I 

and taking Ai > arbitrary, 

fi''F\Ex,N) < 1^'-f\Ex^N n {(bN ■■ Un\\l^^+-2 < Ai}) 

+ /ii'^'({0Ar:||0iv|lis+2>Ai}) 
< e^^?^V[f ^(i?A,Ar) + li^J'HWN : UnWl^^^ > Ai}) 
where to obtain the second inequality we have used the Tchebyshev inequality via 

lif\Ex,N n {.Pn : \\(t>N\\L-+^ < Ai}) 



(4.4) 



< gc + 2^1 / e ° + 2 



jJr5/|0ivr + 'rf:r 



XE^_,^dlJ.f\(j}N) 



< e^^?"V[f H^A,^)- 



To estimate the second term in (|4.4p note that, for each (72 > a + 2, Tchebyshev's 
inequality followed by Fubini's theorem and the Gaussian bound (|2.3p give 



,{N) 



^,'f>a<t)N■.UN\\^.+2>x,}) 



< 



(Ai 



1<?2 



AT 



V ^^e (x) 

/ , l^n\X 



n=l 



92 



L^ L3. 



< 



< 



92 

Ai 



AT 

E 



|e„(x)| = 



92 

Ai 






n=l 



Keeping Ai > fixed and optimizing in (72 then gives 

Mif^({0iv:||0A||i»+2>Ai})<e-^^' 



(4.5) 
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Thus, if we establish an estimate of the form 



M^^'({0:h0llLSL?>A})<exp(-A^O 



(4.6) 



this will imply 



I < 



IJ-fUcI} ■■ \\u4\lplI > A}) < min ( e°+2"i 

We now establish (|4.6p . Fix qi = 9i(A) > g to be determined later in the 
argument and note that 



El.^) 



I Nu 



qii 1/91 



< 



\u''{t,xW^d^^l^\c|>) 



1/91 



(4.7) 



,W 



On the other hand, the invariance of fijj under the evolution given by (II. 2p guar- 
antees 



< 



\Mx)rdfi'-;'\cj,) 



<c^'J E^^«(-) 



N 



< (cvTir E 



\enix)\' 



?1 
duj 

V ?i/2 



where the last inequality results from standard Gaussian bounds as in the proof of 
Lemma 13.11 

Inserting this bound into ()4.7|) . we obtain the estimate 

1/2 



KV 



k^lLsL? 



91 



1/91 



< CT^/« 



^ N 

E 

^n— 1 

Af 



|e„(x)h 



/ N s 1/2 

<cTi/?V9r(E""'^'' ' 



where we have used the estimate (12. 2p with a„ = i. 

Recalling the hypothesis p < 6 and applying Tchebyshev's inequality, we then 
obtain 

Mg (^a,a) <j^ JJu II^P^^dMc (-^w) ^ J^, • 

Optimizing this estimate in 51, we obtain (|4.6p as desired. This completes the proof 
of Lemma 14.11 D 



We also need a variant of Lemma 14.11 obtained by a similar argument 
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Lemma 4.2. Under the assumptions of Lemma |4?T] and taking M < N, there is 
the distributional inequality 

nf\{(t>N --WuN- ^mmw||l£(S;L?([o,t])) > A}) < e-("^)' (4.8) 

with e ^T^^Mp^^ . 

The intent of (j4.8p is to obtain better bounds letting M ^^ oo (since p < 6) . 

Proof of Theorem 11.21 We first establish convergence of the sequence iu^'' ) with 
Nk — 2^. Fix < s < 1/2 and h > 1/2. We compare the solutions unq, uni, 
Nq < Ni, on a fixed a time interval [0,r] with T > arbitrary. 

We begin by constructing a suitably large set of initial data for which the global 
existence result will be shown. Fix 1 < p < 6 sufficiently close to 6 and q large to be 
specified later in the argument. For each dyadic integer A'^o > 1, let < B{No) < 
Nq be a fixed parameter to be determined later in the argument, and for dyadic 
A^i > TVo > 1, define the set 

\WNo\\LZ(B;mo,T))^ ll'"WillL£(i3;L?(0,T)) < B{No) I. (4.9) 

By the probabilistic estimates of Lemina l3.2l and Lemma |4. 11 we immediately have 
fiF(\^u-^en\nNo,N,}] <exp{-B{Noy), 1<No<Ni. 



Subdivide [0,T] in intervals of size At (which will depend on B{Nq)), and write 

UN, [t + Ai) - UN„ [t + M) = 

S{At){uNM ~ UN.it)) (4.10) 



r-t+At 
— I 

It 

where 



/t+At 
S'(i + Ai-r)(\/^)-V(r)dr (4.11) 



/ = Pat, (I Re u^^ |" Re u^^ ) - Pato (| Re u^° |" Re m^"). 

In what follows, we denote ||-||xs.''([t.t+At]) by ||-||s,6. Note that since & > 5, 

||MAr,(i + Ai)-UAro(i + Af)||H. <\\un-, -UWolU,b- (4.12) 

The II 'lis, 6 norm of (|4.10p is then immediately bounded by 

||ujVi(i)-"JVo(i)lk=- (4.13) 

To bound the ||-||s,6 norm of ()4.1ip . decompose / as 

/ = (Pjv, -PwJ(|ReujVirRe7/ArJ (4.14) 
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P7Vo(|ReuArJ"ReMiVi - | ReuivJ" ReuArJ. 



(4.15) 



Fix a > l- The \\-\\s,b norm of the contribution of (|4.14p in ()4.1ip is then 
estimated by invoking Lemma l2. 11 giving 

Jtn 



X-.»{J) 



<7v„-(--^)|iK,r+i|i 



Lx ^+ 



provided 



< Nq'^''^"^B{Nq)°' 



1 5-a 

1^ < <^ < r, ■ 

2 2 



+1 



(4.16) 



(4.17) 



On the other hand, turning to the \\-\\s.b norm of the contribution of (|4.15p . note 
that another apphcation of Lemma 12.11 gives 

rt 



/ S{t - T)iV^A)-^ PNoi\'ReuNA°' 'ReuN, - | RcmatJ" ReMAro)dr 

Jto 



X'-f-iJ) 



< 






< (At)''||'aAr, ~ Un„\\lI^ lI^{\\un„\\Ip^li + II"WiI1l£L|) 

for aU Lo e JIatqJVi, with the exponents pi>l and 91 > 1 satisfying 

3 — (T 1 a 1 1 a 

-—— > — + - and Tr = — + -+7, 
3 Pi P 2 qi q 



(4.18) 



and provided that 



1 



< s. 



2 qi pi 

Note that the choice of pi and qi is possible under the condition 

a a 
0<7<2----. 
2 q 

Letting a < 4 be given and choosing q sufficiently large ensures that such a 7 exists. 
Combining (IJTTO)) . (|i?TB)) and (gHH]), we obtain 



WATi -UNoWx-.i'iJ) ^ ||w7Vi(io) - W7Vo(^o)||ffJ + B{No) 



+l^-(-'-) 



(Ai)^B(iVo)"||uwi - uwolU-'-CJ) (4.19) 



Choose 



At 



1/7 



and 



_2CB(A^o)". 
S(7Vo)~(log7Vo)7/« 



(4.20) 
(4.21) 



INVARIANT GIBBS MEASURE EVOLUTION FOR RADIAL NLW ON THE 3D BALL 19 

where C > is the imphcit constant in (|4.19|) . so that exp {^) is a sufficiently 
small power of iVo . 

We get the bound 

\\uN,-UNo\\x^.''iJ) < WuNAto) ~ UN„ito)\\H^ + N-''^-'^ BiNor+\ (4.22) 

Recalling dHH]), it follows that 

\\{uNi - UNo){t + At)||//= < \\uNi - UNQ\\s,h 

< C\\{UN, - UN^milHs + N-^ (4.23) 

For all w £ ^Na,Ni we have 

so that an iterative application of (I4.22p and (|4.23p give, by the choice of At, 



max \\{UN, - UiVo)(t)||ffj < C^/(A0Ar^-3(^-^) < N~-^^---'\ (4.24) 



-Mi-'^) 



From (|i?^ and (|i?^ we obtain 

\\UN^ - UN„\\x^.Hlt,t+At]) < N;;-''^-'' (4.25) 

for all subintervals [t,t + At] C [0, T], from where one easily derives that 

for every a; G flNQ,Ni- 

Let (Nk) be a given sequence of integers growing sufficiently fast, e.g. Nk = 2*^. 
Arguing as above, we obtain that for every uj e flNk,Nk+i with ^Nk,Nk+i defined as 



\\u''^-^-u^^\U.,^[o,t])<n;'^^^-'\ 



To finish the proof of Theorem 11.21 let 51' be the set 

^' := U n ^N,,N,^,. 



K>1 k>K 



We then obtain that the sequence (u *=) is a Cauchy sequence in the space X^' C 
CtH^ for all lu E fl' . Moreover, elementary inequalities combined with the estimate 



MF N 0a. : w e fl \ nN,,N,+, > j < expi-BiNkf). 
give 

MF({</'^:wef^\f^'})-0. 
The convergence of u'^'' to some u* therefore holds /ij^-almost surely. 
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The choice of B{No) in (|4.2ip (as needed to get and appropriate At) leads to 
measure estimates in the above argument which do not sufBce to conclude imme- 
diately convergence of the full sequence (un). But it is possible to achieve this by 
the following variant of the preceeding. Given large iVo, take 

M = Mo = {logNof'-P^ (4.27) 

with a suitable power C{p). Replace flNg^N-^ by 

^No = lujen: ||0-0ArJ|ffj <Nf;^''^'"\ \\uno\\lUB:LUo.t)) < B{Nq) 

with B{No) as above. Thus, by Lemmas l4Al l4?2l (T is fixed), 

with 6 ^ Mi~i. 

Proper choice of C{p) in (|4.27p gives 

^F(^\^A'o)<2e^''^^«)'- (4-29) 

For iVo < ^1 < 2iVo, estimate 

+ \\un„ - PmUnoWlUI + \\Pm{uni - uno)\\lIlI 

< B{No) + 2 + T-^\\Pm{un^ - "Wo)||l,~ 

< B{No) + 2 + tUi^-'\\un, - UNoWs.b 

< {hgNofWuN, ~ UNo\\s,b + 2B{No) (4.30) 

Using (|4.30p . inequality (|4.19p becomes 

\\uNi - UNo\\s,b < ||ujVi(^o) - UNo{'to)\\H- 

+ {At)^BiNor\\uN,-UN,\\s.b 
Therefore 



N^^''-''^B{No)''+\ (4.31) 



\\uNi - UNoWs.b < WuNiito) - UNo{to)\\Hi 

+ ilogNof^UN,-UNj':+' 



^-U--^) 



which again implies (|4.23p and (|4.24p . D 
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As a concluding observation, we give the following refined bound on the growth 



of Lf^H^ norms for the solutions constructed in Theorem 11.21 

Proposition 4.3. Fix < cr < ^^ and < T < +oo. Then there exists a set 
S = S((5) C 57 such that mes(S) > 1 — 5, and for a; € I] the solution u — u^ of 
(NLW) satisfies 



I1"W-'5'W0I1l-([o,t];H-(s)) < CMog-j 



The proof of this claim works in an identical fashion as in the proof of Proposition 
[331 
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